Constitutive models developed for describing the water retention curve (WRC) and unsaturated hydraulic conductivity (K θ ) of soil are parameterized for MSW. Samples of shredded (maximum particle size = 25 mm) MSW were compacted to three dry densities for WRC and K θ measurement. The water retention curves were measured using the hanging column method. The unsaturated hydraulic conductivities were measured using the multistep outflow method utilizing transient outflow data from the hanging column tests. The measured WRC and unsaturated hydraulic conductivity were used to fit two commonly used constitutive WRC and K θ models developed for unsaturated soils. The constitutive models were parameterized using non-linear regression to the equilibrium WRC and measured K θ data. The constitutive models for the WRC and K θ are capable of reproducing measured WRC and K θ data when properly parameterized. Root mean squared error water contents (θ RMSE ) ranging from 1-2% were calculated between the measured and modeled WRCs. Unsaturated hydraulic conductivities calculated using the constitutive models were generally within one order of magnitude of the measured K θ . Parameter estimation for the K θ functions requires inclusion of K θ data in the parameter estimation method.
INTRODUCTION
Characterization of liquid flow through municipal solid waste (MSW) landfills is essential for understanding the distribution of recirculated leachate for bioreactor operations, and the fate of percolation from final covers. Variably saturated flow models developed for soils generally are used to predict liquid flow through MSW (McCreanor and Reinhart 1996 , McDougall et al. 1996 , Haydar and Khire 2005 . Variably saturated flow models require parameters defining the water retention curve (WRC) and unsaturated hydraulic conductivity (K θ ) functions as input. Functions describing the WRC and K θ commonly employed for soil-water flow modeling are typically applied for simulating variably saturated flow in MSW (McDougall et al. 1996, Haydar and Khire 2005) . Limited data are available for characterizing the WRC (Korfiatis et al. 1984 , Kazimoglu et al. 2007 and the K θ for MSW (Kazimoglu et al. 2007 ).
In this study, the WRCs of MSW specimens prepared to three different dry densities are measured using the hanging column method . Outflow data collected during the hanging column tests were analyzed using the multistep outflow (MSO) method (Gardner, 1956 ) to obtain measurements of K θ . Parameters for two commonly used systems of constitutive functions (Brooks and Corey 1966, van Genucthen 1980) were determined by non-linear regression of the functions on the WRC and K θ data (Wraith and Or, 1998) .
CONSTITUTIVE MODELS
Functions for K θ are commonly defined to correspond to functions describing the WRC (e.g. K θ models are often parameterized using WRC data). The two most commonly used WRC and K θ function systems are presented by Brooks and Corey (1966) , and van Genuchten (1980) . The Brooks-Corey-Burdine WRC-K θ system is:
where: Θ is the effective saturation, θ s is the saturated volumetric water content, θ r is the high suction asymptote of the WRC, ψ is the matric suction, ψ a is the air entry suction, λ is a pore-size distribution parameter, K s is the saturated hydraulic conductivity, and p is the pore connectivity parameter. The van Genuchten-Mualem WRC-K θ system is:
where: α is a parameter related to the air entry suction of the medium, n is the poresize distribution parameter, m = 1-1/n, and ℓ is the pore connectivity term.
For Eq. 1, the ψ a , λ, and θ r parameters are adjusted such that the difference between θ measured experimentally, and θ calculated by Eq. 1 are minimized for a given ψ. For Eq. 3,α, n, and θ r are adjusted to minimize the error between the measured and calculated θ. For Eq. 2, and Eq. 4, the pore connectivity terms are usually assumed to be p = 2 and ℓ = 0.5 (Brooks and Corey 1966, van Genuchten 1980) such that Eq. 2 and Eq. 4 are parameterized by only measuring WRC data. Schaap and Leij (2000) found less error between K θ calculated using Eq. 4 and K θ measurements were achieved if the pore connectivity term in Eq. 4 (ℓ) was used as a fitting parameter. Similar improvements in the performance of Eq. 2 would also be expected with a system-specific definition of p.
MATERIALS

MSW Composition
Material compositions for twelve 208 L solid waste samples with masses ranging from 48-94 kg each were analyzed for this study. The MSW samples were collected from an operating landfill in Southern Wisconsin and had been landfilled for approximately four months prior to sampling. Only MSW particles exceeding 25 mm were classified for composition due to increasing subjectivity in identifying particles smaller than 25 mm. Material smaller than 25 mm was classified as an undifferentiated, "fine fraction". The average composition and range of compositions complied from literature are presented in Fig. 1 . samples analyzed for this study, and the average and range (i.e., maximum and minimum) compiled from literature (Attal et al. 1992 , Beaven and Powrie 1995 , Gasparini et al. 1995 , Sánchez-Alciturri et al. 1995 , Landva et al. 2000 , Vilar and Carvalho 2004 , Hull et al. 2005 , Dixon and Langer 2006 , Francois et al. 2006 , Mor et al. 2006 , Sanphoti et al. 2006 , USEPA 2008 , Reddy et al. 2009 , Staley and Barlaz 2009 .
Sample Processing
Following classification of the MSW, each material group shown in Fig. 1 was air-dried to determine water content. The dried samples were shredded repeatedly at low-speed in a high-torque industrial shredder until the maximum particle size did not exceed 25 mm. A maximum particle size of 25 mm was selected to maintain consistency with 25-mm threshold used during classification and to facilitate testing in the hanging column apparatus. The shredded fractions were recombined to achieve the average material composition of the field sample (Fig. 1) . The recombined, and shredded MSW was rehydrated to a dry weight water content of 28% with DI water to replicate field water content conditions prior to preparing test specimens.
Specific Gravity
The bulk specific gravity (G s ) of the MSW was measured using a modified water pycnometer (ASTM D 854) procedure so the total porosity of the test specimens could be computed. The procedure in ASTM D 854 was modified by using a two-chambered acrylic vessel (75-mm diameter by 300-mm tall) equipped with a perforated stainless-steel disc separating the chambers. A sample of dry shredded MSW (0.35 to 0.40 kg) was placed in the lower chamber and inundated with de-aired water. The steel disc was placed on top of the sample and the upper chamber was attached to the lower chamber using an air-tight rubber coupler. The steel disc prevented low density particles of MSW from floating from the lower chamber to the upper chamber. Low density fluids (e.g. oils) were not used out of concern for chemical interactions with some MSW components. The upper chamber was then filled partially with de-aired water such that the entire MSW sample was submerged. An 80 kPa-suction was applied to the pycnometer for several hours to remove air from the MSW. The headspace in the upper chamber was then filled to a pre-marked calibration level so that the volume of water displaced by the sample could be calculated. The G s for the bulk MSW was determined to be 1.34 + 0.02 based on three replicate measurements.
METHODS
Test Specimens were prepared from the shredded and recombined MSW. Reduced Proctor (Daniel and Benson, 1990) , standard Proctor (ASTM D 698), and modified Proctor (ASTM D 1557) compaction energies were used on the MSW rehydrated to w = 28% to create low density (ρ L ), medium density (ρ M ) and high density (ρ H ) specimens. The dry density of each specimen is summarized in Table 1 . Specimens were compacted in PVC specimen rings that were 150 mm-diameter and 50 mm-tall. The dry densities achieved by this method are within the range of densities reported by Powrie and Beaven (1999) and Zekkos et al. (2006) for operating MSW landfills. The saturated volumetric water content (θ s ) for each specimen, reported in Table 1 , was calculated as the total porosity (n) using the specimen dry density and measured G s . MSW specimens were submerged in de-aired water and placed in a vacuum-tight saturation chamber with 80-kPa vacuum applied for 24 hrs. The specimens were weighed after removal from the saturation chamber to determine the initial water content θ i (Table 1) .
WRC Measurement
Water retention curves were measured for each specimen according to the procedure outlined in ASTM D 6836 -Method A. A schematic of the hanging column apparatus and test cell used in this study are shown in Fig. 2 .
Suction was applied to the MSW specimens by lowering the moveable water column to create a gravitational potential between the fixed and moveable columns (Fig. 2a) . The gravitational potential provides a constant suction which extracts water from the specimen. The suction created by the potential between the water columns is transferred to the specimen through a saturated ceramic disc (Fig. 2b) . In a typical hanging column experiment, only the equilibrium suction-water content data are collected. In this study, a time-series of outflows for each suction step were collected for hydraulic conductivity measurement. The maximum suction that can be applied by the moveable water column is constrained by the height of the laboratory ceiling. In this study, the moveable water columns could apply 29 kPa. Higher suctions were applied to the test specimens using an air-aspirator vacuum pump. Suctions less than 29 kPa were measured using a differential water manometer. Suctions higher than 29 kPa were measured using a vacuum gage with + 0.02 kPa precision. 
K θ Measurement
Richards' Equation is used to describe flow in an unsaturated porous medium. Gardner (1956) developed an analytical solution to Richards' Equation for boundary conditions consistent with those in a WRC experiment. Gardner's solution is:
where: V ∞ is the cumulative outflow volume at equilibrium for a given suction (ψ), V t is the cumulative outflow volume at elapsed time (t) from the initial application of ψ, L is the thickness of the specimen, and D θ is the water diffusivity of the porous material. The water diffusivity of the material is determined by graphing Eq. 5 as a function of time and computing the slope of the resulting linear relationship. Unsaturated hydraulic conductivity is calculated from D θ using the relationship:
where ∆θ is the change in equilibrium water content over a suction increment ∆ψ and γ w is the unit weight of water. Gardner's solution assumes that the hydraulic conductivity is constant over a small suction increment ∆ψ, water content is linearly variable with respect to suction, and hydraulic impedances from the experimental apparatus are negligible. K θ from Eq. 6 corresponds to the geometric mean water content over Δθ.
Constitutive Model Parameterization
The WRC and K θ functions (Eq. 1-4) were parameterized using the nonlinear, least squares regression technique presented by Wraith and Or (1998) . The sum of squared residuals objective function used to simultaneously minimize errors between modeled and measured WRC and K θ is:
where: θ k is the equilibrium water content measured from the MSO test at suction ψ k , θ k * is the water content calculated using Eq. 1 or 3 for suction ψ k , is the average equilibrium water content measured during the MSO test, is the average log of the measured hydraulic conductivities, K θj is the measured unsaturated hydraulic conductivity corresponding to θ j , K* θj is the hydraulic conductivity calculated from Eq. 2 or 4 for θ j , and φ is the sum of the normalized squared residuals. The K θ data were described in terms of log(K θ ) to provide comparable weight to the fit of the WRC and K θ functions and to ensure that outliers did not have a strong influence on the fit. The squared residuals associated with the WRC and K θ data were normalized to the squared average of each set of data to limit bias towards the WRC or K θ data in the minimization of Eq. 7. The saturated hydraulic conductivities (K s ) used in the K θ functions were measured on MSW specimens prepared to densities equivalent to the MSO/WRC test specimens in standard 150-mm diameter compaction molds using the methods described in ASTM D 5856.
RESULTS
The WRC data obtained from the hanging column test are shown with the WRCs calculated using Eq. 1 and 3 in Fig. 3 . The parameters determined for the WRC and K θ functions are summarized in Table 1 . Broader pore-size distributions, indicated by decreasing n and λ parameters, occurred with increasing density. The broadening of the pore size distribution with increasing density suggests that at low density, a smaller percentage of the total porosity, or a narrower range of pore sizes effected flow. A change in pore geometry is also indicated by a decrease in K s of two orders of magnitude between the ρ M and ρ H specimens. An increasing air entry pressure, indicated by decreasing α and increasing ψ a were observed between the ρ M and ρ H specimens as would be expected with increasing density and the corresponding decrease in maximum pore-size. A similar change in air entry pressure was not observed between the ρ L and ρ M specimens where slightly higher air entry pressures were indicated for the lower density specimen. The deviation from the expected behavior is likely due to the heterogeneous nature of MSW which would allow for a higher density specimen to have some larger pores than a lower density specimen. The root mean squared error water content (θ RMSE ) calculated as the RMSE between the modeled and measured water contents did not exceed 2% for any of the specimens regardless of the constitutive model used. The unsaturated hydraulic conductivity measured as a function of θ, and calculated using Eq. 2 and 4 are shown in Fig. 4 . The calculated K θ are shown as a function of the measured K θ in Fig. 5 to illustrate the error in K θ associated with using Eq. 2 and 4. All K θ calculated using the constitutive models were within one order of magnitude of the measured K θ (Fig. 5) for both constitutive models used. The pore connectivity terms (P and ℓ) estimated for each constitutive model are listed in Table  1 . The ℓ parameter consistently decreases with increasing density while the P parameter decreases between the ρ L and ρ M specimens and increases between the ρ M and ρ H specimens. The pore connectivity terms, particularly the ℓ term in the van Genuchten WRC-K θ system appear to vary with density in MSW. The connectivity terms also deviate from the commonly assumed ℓ = 0.5 and P = 2.0 suggesting that specific ℓ and P need to be specified for MSW. Further study of the dependence on the material composition of ℓ and P are required to conclude whether or not ℓ and P can be generally defined for MSW based on density, or whether ℓ and P need to be independently estimated for all variations in MSW composition and density of importance to a given problem. 
CONCLUSIONS
Water retention curves and unsaturated hydraulic conductivity were measured for three MSW specimens of varying dry density using a hanging column apparatus and multistep outflow analysis. Constitutive models representing the WRC and K θ were fit to the measured data using a non-linear regression method similar to that described in Wraith and Or (1998) . The following points are concluded from the results:
• The constitutive models for the WRC and K θ can reproduce measured data for the WRC and K θ in MSW provided parameterization is correct.
• Parameterization of the K θ constitutive models requires specific definition of the pore connectivity terms (ℓ and P) as both differ substantially from the commonly assumed ℓ = 0.5 and P = 2. This requires the collection of K θ data.
• Changes in the WRC parameters with respect to density are not always intuitive as increased density does not always correspond to higher air entry
